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Let X be a collection of countable objects, two elements a, b € X
are almost disjoint iff a N b is finite.

A subfamily A C X is almost disjoint iff for all distinct a, b € A,
an b is finite.

Such a family is maximal almost disjoint iff it is not properly
contained in another almost disjoint family.

Examples

Mad families of subsets of N: X = P(N) (add the requirement
that X is infinite).
Mad families of functions: X = NN.
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Theorem (Mathias)

There does not exist an analytic mad family of subsets of N.
Question
Does there exist an analytic mad family of functions?
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Theorem (Steprans)
There does not exist an analytic strongly mad family of functions.
Theorem

Under the axiom of constructibility there exists a coanalytic
strongly mad family of functions.

f avoids (is not covered by) ho, ..., h, iff £\ .., hi is infinite.

f avoids (is not finitely covered by) A iff for all hg, ..., h, € A, f
avoids hg, ..., h,.

F avoids A iff all f € F avoid A.

A is strongly (very) mad iff A is almost disjoint and for any
collection F such that F is countable (of cardinality < |.A|) and F
avoids A there exists g € A such that for all f € F, fNgis
infinite.
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f avoids ho, ..., h, iff £\ J;, hj is infinite.

f avoids A iff for all hg,..., h, € A, f avoids hg, ..., hy.
F avoids A iff all f € F avoid A.

A is orthogonal to B iff A avoids B and B avoids ‘A.

Note: Applies to both mad families of subsets of N and to mad
families of functions
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Theorem (BK)

MA implies there exist mad families of subsets of N that are
orthogonal.

Theorem (BK)

MA implies there exists a mad family of subsets of N to which no
mad family of subsets of N is orthogonal.
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Condition InfHitlInf:
InfHitInf (A, B) iff for all A € A there are {B; : i € N} C B (all
different) such that AN B; is infinite for all i € N.

If for a.d. families A and B, we have InfHitInf(A, B3), then A
avoids B.

In fact for mad families A and B: A is orthogonal to B iff
InfHitInf (A, B) and InfHitInf (B, A).

If Aand S C N are such that |A| < ¢ and S avoids A, then we
can add a subset of S to A.
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Theorem (BK)

MA implies there exist mad families of functions that are
orthogonal.

Theorem (BK)

MA implies that for every mad family of functions there exists one
that is orthogonal to it.
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Condition InfHitInf:
InfHitInf (A, B) iff for all f € A there are {g; : i € N} C B (all
different) such that f N g; is infinite for all / € N.

If for a.d. families A and B, we have InfHitInf (A, B), then A
avoids B.

InfHitInf gives too many requirements to use MA to construct a
family orthogonal to a given one.
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Definition
For B and A families of functions we call a function
H: [A]< — ([w]*)? x ([B]<“)? good for (A, B) iff for all
fo,...,f, € A we have that
H({fo,...,fa})) = (Wo, Wi, {g?,...,&%}, {gt,...,g}}) such that
>f,-[W0C* [Wofora||/<n
» i W Crg [Wlfora||/<n
> {glv"'vgn}m{glv"‘7gn}:®' and
» Wy N W is finite.

If such H exist then A avoids B. Combine with InfHitInf (B, A).
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Question
Is it consistent that there exists a mad family of functions to which
no other such family is orthogonal?
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