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Two Bibliographies The Original Fractal Sin

Fractals and Q×Q

Making a fractal copy of Q×Q
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Two Bibliographies The Original Fractal Sin

Viscek Fractal

The origin of the work on fractals

A product construction in TML over the rationals.
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Modal Language, Kripke Structures, and Trees Modal Language, Models, and Truth

Language, Frames, Models, Truth in a Model

Language, Frames, Models, Truth in a Model

• Language: P = {Pi | for all i ∈ N}; →,∨,∧,¬,�,♦

• Frame: F = (U,R); Valuation: V : P→ ℘(U); Model: M = (F ,V )

• “Interesting” Clauses of Truth Condition:

• M, x |= �φ⇔M, y |= φ for all y such that Rxy

• M, x |= ♦φ⇔M, y |= φ for some y such that Rxy .
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Modal Language, Kripke Structures, and Trees Modal Language, Models, and Truth

Axioms of S4

PL axioms/rules plus Normal ML K axiom/rules:

•• C : (�P ∧�Q)→ �(P ∧ Q)

• RN: ` φ ⇒` �φ

• RM: ` φ→ ψ ⇒` �φ→ �ψ

• Finally, the special S4 axioms:

• 4 : �P → ��P

• T : �P → P

• Notice similarity with Kuratowski’s Topological Axioms

Darko SARENAC (φ @ CSU) Fractals/Topology/Modality November 14, ‘09 9 / 26



Modal Language, Kripke Structures, and Trees Modal Language, Models, and Truth

Axioms of S4

PL axioms/rules plus Normal ML K axiom/rules:

• C : (�P ∧�Q)→ �(P ∧ Q)

• RN: ` φ ⇒` �φ

• RM: ` φ→ ψ ⇒` �φ→ �ψ

• Finally, the special S4 axioms:

• 4 : �P → ��P

• T : �P → P

• Notice similarity with Kuratowski’s Topological Axioms

Darko SARENAC (φ @ CSU) Fractals/Topology/Modality November 14, ‘09 9 / 26



Modal Language, Kripke Structures, and Trees Modal Language, Models, and Truth

Axioms of S4

PL axioms/rules plus Normal ML K axiom/rules:

• C : (�P ∧�Q)→ �(P ∧ Q)

• RN: ` φ ⇒` �φ

• RM: ` φ→ ψ ⇒` �φ→ �ψ

• Finally, the special S4 axioms:

• 4 : �P → ��P

• T : �P → P

• Notice similarity with Kuratowski’s Topological Axioms

Darko SARENAC (φ @ CSU) Fractals/Topology/Modality November 14, ‘09 9 / 26



Modal Language, Kripke Structures, and Trees Modal Language, Models, and Truth

Axioms of S4

PL axioms/rules plus Normal ML K axiom/rules:

• C : (�P ∧�Q)→ �(P ∧ Q)

• RN: ` φ ⇒` �φ

• RM: ` φ→ ψ ⇒` �φ→ �ψ

• Finally, the special S4 axioms:

• 4 : �P → ��P

• T : �P → P

• Notice similarity with Kuratowski’s Topological Axioms

Darko SARENAC (φ @ CSU) Fractals/Topology/Modality November 14, ‘09 9 / 26



Modal Language, Kripke Structures, and Trees Modal Language, Models, and Truth

Axioms of Kuratowski

Recall Kuratowski’s Axioms:

• Preservation of binary unions: I (A ∩ B) = I (A) ∩ I (B) (C & RM)

• Preservation of nullary unions: I (X ) = X
where X is the set that underlies topology (RN)

• Idempotence: I (I (A)) = I (A)) (4 & T )

• Extensivity: I (A) ⊆ A (T )
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Modal Language, Kripke Structures, and Trees Kripke’s classic completeness results

Kripke and Transitive, Reflexive, Rooted
Relational Models

Theorem (S4 Completeness)

The modal Logic S4 is sound and complete for:

• the class of all frames with transitive, reflexive R

• the class of all finite transitive, reflexive frames

• the class of all rooted, finite, transitive, reflexive frames

Proof.

for proofs, see for example [3] or [1]
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Modal Language, Kripke Structures, and Trees The trees T2 and T+
2

T2 as Modal Frame

Definition (Sequences of 0s and 1s; Immediate Successors;
Tree Frames)

• Let Σ = {0, 1} and Σ∗ be the set of all finite strings in the language
Σ including 〈·〉, the empty string. Let Σo be the set of all countably
infinite strings over Σ, and let Σ+ = Σ∗ ∪ Σo .

• We let si : Σ∗ → Σ∗ for i ∈ {0, 1} be the function defined by
si (x) = x ∗ i . Thus for example s0(1) = 10, and s1(110) = 1101. We
call s0(x) the left successor of x and s1(x) the right successor of x .

• Define R2xy for x , y ∈ Σ∗ as the transitive reflexive closure of s0 ∪ s1.

• T2 = (Σ∗,R2, 〈·〉)
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Modal Language, Kripke Structures, and Trees The trees T2 and T+
2

Lemma (Unraveling)

For any finite, transitive, reflexive, rooted, model M with a root x, there
is a valuation V on T2 such that for any modal formula φ,

M, x |= φ⇔ T2, 〈·〉 |= φ

Completeness of S4 for T2

It then follows from Lemma 3 that every nontheorem of S4 can be
shown false on some model based on the frame T2. If φ is not a
theorem of S4, then by Theorem 1 there is some finite rooted frame
F = (U,R, x) with a valuation V such that (F ,V ), x |= ¬φ, but
then by Claim 3, there is a valuation V ′ such that (T2,V

′), 〈·〉 |= ¬φ.
Thus any nontheorem fails on T2 and the singleton T2 is complete
for S4.
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Modal Language, Kripke Structures, and Trees Building a p−morphism from T2 onto a finite frame F

Finite Modal Frames are Readily Unraveled
to T2

Finite Frame

x

y1 x

y2 x

y3 x

z1 x

z2 x

Labeling T2 with nodes of a finite frame for x , y3

x ⇒ 1 y1 ⇒ 01 y2 ⇒ 001 y3 ⇒ 0001 z1 ⇒ 00001 z2 ⇒ 000001
x ⇒ 0 x ⇒ 00 x ⇒ 000 x ⇒ 0000 x ⇒ 00000 x ⇒ 000000

y3 ⇒ 1 z1 ⇒ 01 z2 ⇒ 001 ; y3 ⇒ 0 y3 ⇒ 00 y3 ⇒ 000
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Modal Language, Kripke Structures, and Trees Building a p−morphism from T2 onto a finite frame F

Finite Modal Frames are Readily Unraveled
to T2

Finite Frame

x

y1 y2 y3

z1 z2
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Modal Language, Kripke Structures, and Trees Building a p−morphism from T2 onto a finite frame F

Finite Tree Unravelled to Full Binary Tree
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Topological Semantics for Modal Logic Modal Language, Models, and Truth

Topological Models, Truth in a Model

Topological Semantic, Truth in a Model

• Topology X = (X ,O):
(i) X , ∅ ∈ O,
(ii) A,B ∈ O ⇒ A ∩ B ∈ O,
(iii) If for all k ∈ K ,Ak ∈ O, then

⋃
k∈K Ak ∈ O.

• Alexandroff Topology in addition satisfies
(iv) For all i ∈ I ,Ai ∈ O, then

⋂
i∈I Ai ∈ O

• Topo-Model: T = (X ,V ) adds V : P→ ℘(X )

• Interesting Clauses of Truth Condition:
T , x |= �φ⇔ ∃O ∈ O[x ∈ O and ∀y ∈ O(T , y |= φ)]

• T , x |= ♦φ⇔ ∀O ∈ O[x ∈ O ⇒ ∃y ∈ O(T , y |= φ)]
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Topological Semantics for Modal Logic Modal Language, Models, and Truth

Topological Models, Truth in a Model

Theorem (Topological Completeness Results for S4)

1 the class of all topologies (McKinsey & Tarski),

2 the class of all finite topologies (Kripke),

3 the class of all metric spaces (McKinsey & Tarski),

4 all singleton classes Ri for 1 ≤ i ∈ N (McKinsey & Tarski),

5 all singleton classes Qi for 1 ≤ i ∈ N (McKinsey & Tarski),

6 the singleton set the Cantor set C. D 0.66. (McKinsey & Tarski)

7 the singleton T2 (van Benthem, Gabbay)

8 a direct construction for the singleton class K, Koch Curve.
Minkowski-Bouligand dimension 1.26, (This paper; but also McK & T)

9 Wilson Tree (or The Full Binary Tree with Limits), T+
2 , equipped with

the topology generated by the finite initial segments. (This paper)
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Topological Semantics for Modal Logic Bill Wilson Tree T+
2 and A.A.

Wilson tree T+
2 is a Limit of the Standard

Infinite Binary Tree
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Koch Curve and Topological Completeness f +, g, h, and Completeness

Constructing the labeling of [0, 1] with the
nodes of T+

2

Our goal is to construct Full-Interior maps:

• g : [0, 1]→ K and

• h : K → T+
2 .

• Compose g , h with f + : T+
2 → F .

• (f + ◦ (h ◦ g)) amounts to completeness for [0, 1] and

• (f + ◦ h) amounts to completeness for Koch Curve.

• We build a function l : [0, 1]→ T+
2 directly,

• but, it is rather obvious from l what h and g are, that is, the fractal
inspiration behind the proof is kept transparent.
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Koch Curve and Topological Completeness Visualizing the Construction

Function g : From Koch Curve to [0, 1]
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Figure 2: Labeling Koch Curve with nodes of T+
2 . Stage 0, the root 〈·〉 labels the whole of K0.

In K1 every point that remains on the base line, is left labeled by 〈·〉. The left ‘branch’ of K1

is now labeled by 0, and the right branch by 1. Notice that the point where the two branches
meet is labeled by 〈·〉. In K2 we have three di!erent branches labeled by 0 and 3 labeled by
1. All of these branches are one step away from the base line. We also have one branch two
steps away labeled by 00, one by 01, one by 10, and the final one by 11. The branches labeled
by say 00 will be two steps away in all but countably many cases. It is where branches 00 and
01 meet, that we have points labeled 0 that are not exactly two steps away from the base line.
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Figure 3: Displaying the similarity between the progressive labeling of [0, 1] and the structure
of the Cantor set. Every point in T2 labels either a Cantor set with “midpoints” or a countable
union of Cantor like sets with midpoints. We say “Cantor like” as only the Cantor set labelled
with ε is closed.
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Koch Curve and Topological Completeness Visualizing the Construction

Function h: Labeling of Koch Curve with the
nodes of T+
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Figure 2: Labeling Koch Curve with nodes of T+
2 . Stage 0, the root 〈·〉 labels the whole of K0.

In K1 every point that remains on the base line, is left labeled by 〈·〉. The left ‘branch’ of K1

is now labeled by 0, and the right branch by 1. Notice that the point where the two branches
meet is labeled by 〈·〉. In K2 we have three di!erent branches labeled by 0 and three labeled
by 1. All of these branches are one step away from the base line. We also have one branch two
steps away labeled by 00, one by 01, one by 10, and the final one by 11. The branches labeled
by say 00 will be two steps away in all but countably many cases. It is where branches 00 and
01 meet, that we have points labeled 0 that are not exactly one steps away from the base line.
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Koch Curve and Topological Completeness Visualizing the Construction

Function g : Koch Curve to Tree T+
2

                                                   {*}

                                               0       1
                                 0     00                 11    1
                          
                 {*}              01                            10              {*}

           0          1          0                               1         0          1
     
   {*}                     {*}                                           {*}                  {*}

    000...                       001...                              100...                     101...                      111...
    O           ...                O               ...                  O             ...              O           ...                O

     ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

      
       000                001       010                011        100               101       110                 111

                 00                              01                    10                               11

                                      0                                                                    1

                                                                       {*}

l2

Figure 4:

20

Darko SARENAC (φ @ CSU) Fractals/Topology/Modality November 14, ‘09 23 / 26



Sierpinski Carpet and Menger Cube Sierpisnski to Wilson

Function K : From Sierpinski Carpet to [0, 1]2

    OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
    ...........................................................................................................................................................................................
    ::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
       vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv

      oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo
      vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv
    OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
    VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV

    
   
 

                                                                                                       
                                                    
                                                               
                                                                      

Sierpinski Carpet and the Full Binary 
Tree with Limits. We construct a map 
k from the real plane seen as the 
infinite embedding of SC inside itself. 
SC0 is just SC. SC1 is created by 
embedding four copies of SC inside 
each “hole” in SC0. SClim is the limit 
of such embeddings, which just is the 
real plane. The map k then maps the 
root to SC0; 1, 0, to SC0-SC1, 00, 01, 
10, 11 to SC2-SC1, etc.  
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Sierpinski Carpet and Menger Cube Sierpisnski to Wilson

Sierpinski Embedding

  Assuming that 
  the outer SC is    
SC0, SC in this 
square and the 
opposing one, 
would be labeled 
1. 

The cross 
separating the 
squares is 
labeled by the 
origin. The other 
two SCʼs, by 0. 
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Sierpinski Carpet and Menger Cube Menger to Wilson

Function j: From Menger Sponge to [0, 1]3
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