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where Ω! is the Dedekind completion ofΩ

Òlocally highly transitiveÓ

3. G is periodic: (with period p)

and ∃p ∈ Aut( ! ! ) such that ∀g ∈ G, gp = pgt t t
and if h ! Aut( ! ! ) such that " g ! G, gh = hg,

then h = pn for somen.t

t

In this case, for each! ! ! , G is highly transitive
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So there are three types to consider:
1. G is a subgroup of the reals;

2. G is highly transitive;
3. G is periodic.

are determined by

2. Exactly one variety: all u! -groups.
For example,

Aut( R) ! u = translation by +1, and
G = { g " Aut( R) | #n, u! n < g < un }

Then (G, u) generates the variety of all u! -groups.

1. Countably many varieties, all understood by Komori.(1981)
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The top variety generated by (G, u) depends entirely on the
relationship betweenp and u.t

P(R) = { g ! Aut(R) | gp= pg} .gt = tg

Primitive Variety: all primitive unital ! -groups
contained in a given variety.

DeÞnition: Let R be the totally ordered set of real numbers.
Let t ! Aut( R) such that for all ! ! R, ! t = ! + 1. Then

Theorem . If u ! P(R) and for all ! ! R, ! < ! u,
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Let Gr be the top variety generated by (P(R), tr ).Let Gr be the primitive u = tr).

Theorem .If r != s then Gr != Gs Thus,
there are continuum many top varieties.primitive varieties.
Theorem
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Lemma For every g ! P(R) there is an integer p
such that tp " g < t p+2 .
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If u ! P(R) is a unit and tp " u < t p+2 , then
Lemma

P

(P(R), u) |=: ( xy! 1 ! ypu! 1 ! ux! (p+2) ) " e = e.



Where are the primitive periodic varieties,
relative to other varieties?

What varieties contain all of them?

What varieties are contained in all of them?

Lemma For every g ! P(R) there is an integer p
such that tp " g < t p+2 .

Theorem Every (P(R), u) generates a proper variety.P

If u ! P(R) is a unit and tp " u < t p+2 , then
Lemma

P

(P(R), u) |=: ( xy! 1 ! ypu! 1 ! ux! (p+2) ) " e = e.

Theorem The only variety containing all (P(R), u) is
the variety of all u! -groups.

P
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Every top variety contains B = the Boolean variety,
generated by (Z, u = 1).

Proof: If in ( G, u), u != e, then (Z, 1) "= (#u$, u) % (G, u).

What varieties are contained in all primitive periodic ones?

?

Therefore Var(G, u) contains Var(Z, 1).
Similarly, (but a bit more di ! cult), either:

1. Var(G, u) contains each Var(Z, n); or

2. Var(G, u) contains Var(D,u)
for some dense subgroupD ! R.

In either case, KomoriÕs theorem implies
the Abelian variety is contained.
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Let P be the intersection of all the varieties generated
by primitive periodic u ! -groups.

Theorem P contains the Abelian and
the Symmetric Top Boolean varieties.

Theorem P is contained in the Symmetric
and the Top Abelian varieties.

P 3. P = ???

Abelian ! (Symmetric Top Boolean)

Symmetric Top Abelian
1. Is P = Symmetric Top Abelian?

2. Is P = Abelian ! (Symmetric Top Boolean) ?
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